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We investigate to which extent a many-body Bloch-Redfield master equation description of quan-
tum transport is consistent with the exact generalized equilibrium conditions known as exchange
fluctuation theorems. Thereby we identify a class of master equations for which this is the case.
Beyond this class, we find deviations which exhibit characteristic scaling laws as functions of the dot-
lead tunneling, the inter-dot tunneling, and the temperature. These deviations are accompanied by
an increase of lead energy fluctuations inherent in the Bloch-Redfield equation beyond rotating-wave
approximation. We illustrate our results with numerical data for a double quantum dot attached to
four leads.
PACS numbers: 72.70.+m, 05.60.Gg, 73.63.-b, 05.30.-d
Exchange fluctuation theorems are exact relations be-
tween probabilities for non-equilibrium transitions that
start from a Gibbs state and reflect the time reversibility
of the microscopic equations of motion [1, 2]. Frequently
they are expressed by the statistics of work performed
at a system upon time-dependent parameter variation.
A variant thereof concerns charge and heat exchange in
quantum transport between leads [3–6] and can be veri-
fied experimentally [7–9]. Taylor expansion of these ex-
change fluctuation theorems at equilibrium provides rela-
tions between transport coefficients such as the Johnson-
Nyquist relation [3, 4, 6].
Theoretical studies of quantum transport often rely on
approximations such as perturbation theory in the tun-
neling between system and electron reservoirs to obtain a
master equation approach [10]. It has been demonstrated
that a careless application of master equations may pre-
dict spurious currents at equilibrium [11] and thus may
violate fluctuation theorems. The validity of exchange
fluctuation theorems has been verified for master equa-
tion descriptions of various specific situations [12–17].
Still the question arises whether any general statement
for a whole class of master equations is possible.
A widely employed Markovian master equation for
quantum systems weakly coupled to environmental de-
grees of freedom is provided by the Bloch-Redfield for-
malism [18]. Being originally derived for dissipative
quantum mechanics, it can be generalized straightfor-
wardly to quantum transport, e.g., to coupled quantum
dots in contact with electron reservoirs. Moreover, it
is equivalent to various common master equations. In
this work, we demonstrate that the Bloch-Redfield mas-
ter equation is consistent with exchange fluctuation the-
orems only to some extent (it does not predict spurious
equilibrium currents and maintains the Johnson-Nyquist
relation), while it fully agrees only after a rotating-
wave approximation (RWA). Some previous results [12–
15] emerge as limiting cases of our generic statements.
Moreover, we predict for the fluctuation theorem viola-
tion of the Bloch-Redfield equation a scaling behavior
which we confirm by a numerical study.
Dot-lead model and exchange fluctuation theorem.—
We consider a transport setup of the type sketched in
Fig. 1(a) and modeled by the Hamiltonian H = HS+V +∑
αHα, where HS describes a central system, henceforth
referred to as “quantum dots”. Notably, in contrast to
Refs. [1, 19], our system Hamiltonian HS may contain
Coulomb repulsion terms which in most quantum dots
represent the largest energy scale. Thus for the decom-
position of the density operator, we will have to work in
a many-body basis.
The other constituents of our system are leads mod-
eled as free electrons with the Hamiltonian Hα =∑
q ǫαqc
†
αqcαq, where c
†
αq creates an electron in mode q of
lead α with energy ǫαq. Initially the leads are in a Gibbs
U
Γ
Ω
1
2
(a) (b)
(c)
1 2
3 4
PSfrag replacements
(b)
(c)
Spectra
χ1
−1
−2
−4
−5
−6
−π
0
0
0
0
π/2 π
π
FIG. 1. (a) Double quantum dot in contact with four leads
α = 1, . . . , 4, used to exemplify our analytical results and the
scaling of the deviations from the exact exchange fluctuation
theorem (1). (b) Real part of the eigenvalues of the Liouvil-
lians Lχ,0 (solid lines), L−χ−iβµ,iβ (dashed, hidden by solid
lines), and L−χ−iβµ,0 (dash-dotted) [see Eq. (3)] as function
of χ1 while all other χα = 0 for inter-dot tunneling Ω = 0.75Γ,
temperature kBT = 0.1Γ, onsite energies ǫ1 = 2 ǫ2 = Γ, and
chemical potentials µ1 = −µ2 = −µ3 = −µ4 = 0.25 Γ. (c)
Enlargement of panel b revealing the slight difference between
Lχ,0 and L−χ−iβµ,iβ.
2ensemble at a common temperature T , while the chem-
ical potentials µα are shifted from their equilibrium val-
ues µα = 0 by externally applied voltages. This implies
the expectation values 〈c†αqcα′q′〉 = δαα′δqq′f(ǫαq − µα)
with the Fermi function f(x) = [exp(βx) + 1]−1 and the
inverse temperature β = 1/kBT . Each lead α is tun-
nel coupled to one quantum dot nα via a Hamiltonian
Vα =
∑
q Vαqc
†
αqcnα + H.c., which is fully determined
by the spectral density Γα(ǫ) = 2π
∑
q |Vαq |
2δ(ǫ − ǫαq).
In our numerical calculations, we assume within a wide-
band limit energy-independent couplings, Γα(ǫ) ≡ Γα,
while our analytical results are valid beyond.
For the computation of the stationary current and its
low-frequency fluctuations, we employ the cumulant gen-
erating function Z(χ) = limt→∞
∂
∂t
ln〈eiχ·N 〉 [20], which
implicitly depends on the chemical potentials µα [the vec-
tor components refer to the different leads, (x)α ≡ xα].
Its idea is to generate the lead electron number oper-
ator Nα via a derivative with respect to the counting
variable χα, while the time derivative turns number cu-
mulants into current cumulants. Taylor expansion of
the generating function at χ = µ = 0 yields (parti-
cle) transport coefficients, i.e., derivatives of the cur-
rent and its cumulants with respect to the applied volt-
ages. In particular, Iα = (∂Z/∂iχα)|χ=µ=0, the con-
ductance Gα,β = −(∂
2Z/∂iχα∂µβ)|χ=µ=0, while the
zero-frequency limit of the current correlation function
〈Iα, Iβ〉ω→0 reads Sαβ = (∂
2/∂iχα∂iχβ)Z|χ=0 [21].
Using an exact formal solution of the dot-lead dynam-
ics, one can demonstrate that the cumulant generating
function obeys the exchange fluctuation theorem [6]
Z(χ) = Z(−χ− iβµ), (1)
Its practical use is to derive relations between different
transport coefficients. To first order, Iα = 0, while to
second order one, e.g., obtains the Johnson-Nyquist re-
lation 2kBTGα,α = Sαα. For a proof of Eq. (1) [6], one
introduces a counting variable ξ for the total lead [22–24]
energy to obtain the relation Z(χ, ξ) = Z(−χ−iβµ,−ξ+
iβ). Then one argues that, provided that the energy of
the central system is negligible, the total lead energy is
conserved and, thus, Z is independent of ξ. In the fol-
lowing, we explore up to which extent a Bloch-Redfield
theory for quantum transport complies with this exact
statement.
Bloch-Redfield master equation.—Within second-order
perturbation theory for the dot-lead tunnel coupling V ,
we obtain for the reduced system density operator ρ the
Markovian master equation [18] (for ease of notation, we
set ~ = 1 = e0 and consider particle currents)
ρ˙ = −i[HS, ρ]−
1
2
∫ +∞
−∞
dτ trleads[V, [V˜ (−τ), ρ⊗ ρ
leads
µ ]],
(2)
where ρleadsµ ∝ exp[−β
∑
α(Hα−µαNα)] and V˜ is the in-
teraction picture version of the tunnel Hamiltonian with
respect to HS +
∑
αHα. In order to achieve this form,
we have symmetrized the time integral. This corresponds
to neglecting principal parts, which can be justified by
renormalization arguments.
In order to obtain the generating function within the
Bloch-Redfield approach, ZBR, we multiply in Eq. (2) the
density operator by exp(iχ ·N+iξ
∑
αHα), which yields
ρ˙χ,ξ = Lχ,ξρχ,ξ with the generalized Liouvillian
Lχ,ξ = −i[HS, ρ]−D+
∑
α
[
e−iχαJ inα (ξ) + e
iχαJ outα (ξ)
]
,
(3)
where J
in/out
α describe dot-lead tunneling, while D sub-
sumes all other dissipative terms. For vanishing counting
variables, L0,0 = L, the physical Liouvillian. Since tr ρχ,ξ
is the moment generating function for the leads electron
number, the current cumulant generating function reads
ZBR(χ, ξ) =
∂
∂t
ln tr ρχ,ξ. In the long time limit, the r.h.s.
of this expression becomes identical to the eigenvalue of
Lχ,ξ with smallest real part, which reduces the computa-
tion of current cumulants to an eigenvalue problem [20].
We cope with the interaction picture operator in the
master equation (2) by decomposing the density opera-
tor into the many-body eigenstates of the quantum dots,
{|a〉}, where HS |a〉 = Ea|a〉. Since the counting vari-
ables appear only in combination with the jump terms
J
in/out
α , we restrict the discussion to these terms. Their
eigenbasis representation reads
[J inα (ξ)]ab,a′b′ =
1
2
〈a|c†nα |a
′〉〈b′|cnα |b〉
×
{
F<α (Ea − Ea′)e
−i(Ea−Ea′)ξ
+ F<α (Eb − Eb′ )e
−i(Eb−Eb′)ξ
} (4)
with the lesser and greater lead correlation function
F<α (t) =
∑
q |Vαq|
2〈c†αq(0)cαq(t)〉 = F
>
α (t − iβ)e
βµα
[25, 26]. Its Fourier representation in the wide-band limit
reads F<α (ǫ) = Γαf(ǫ−µα) = Γα−F
>
α (ǫ), while the cor-
responding tunneling-out operators [J outα (ξ)]ab,a′b′ follow
from the replacement {cn, F
<(ǫ)} → {c†n, F
>(−ǫ)}. No-
tice the dependence on energy differences of the many-
body states, Ea−Ea′ . Only for non-interacting systems,
this difference becomes a single-particle energy.
A first glance of the results derived below, is provided
by the spectra of Lχ,ξ, L−χ−iβµ,−ξ+iβ , and L−χ−iβµ,ξ
at ξ = 0 [Figs. 1(b) and 1(c)]. One notices that the for-
mer and the latter clearly disagree, which demonstrates
that for ZBR, it is not sufficient to consider only the
number counting variable χ. Thus, ZBR does not ful-
fill Eq. (1), i.e., the full Bloch-Redfield equation violates
the exchange fluctuation theorem. When also the en-
ergy counting variable is substituted as ξ → −ξ + iβ,
the difference between the spectra becomes significantly
smaller, which indicates that the fluctuation theorem vi-
olation relates to the total lead energy.
RWA master equation for many-body states.—If after
an irrelevant transient stage, the density operator be-
comes practically diagonal in the energy basis, one may
3employ the RWA ansatz ρab = Paδab, where the popula-
tions Pa obey P˙a =
∑
a′ wa←a′Pa′ . The transition rates
wa←a′ consist of the tunnel-in contributions for each lead,
wα,ina←a′(χ, ξ) = [J
in
α ]aa,a′a′
= |〈a|c†nα |a
′〉|2eiχαe−i(Ea−Ea′ )ξF<α (Ea − Ea′), (5)
and the corresponding wα,outa←a′ . Using F
<
α (ǫ)e
β(ǫ−µα) =
F>α (ǫ) [25, 26], we find wa′←a(χ, ξ) = wa←a′(−χ −
iβµ,−ξ+iβ), i.e., the substitution χ, ξ → −χ−iβµ,−ξ+
iβ corresponds to the transposition of the RWA Liouvil-
lian. Moreover, the ξ-dependence can be removed via
the similarity transformation w → S−1wS with Sa,a′ =
δaa′e
iEaξ. Since both transposition and the transforma-
tion with S leave the spectrum unchanged, we can draw
two conclusions for the generating function being the low-
est eigenvalue: First, ZRWA is ξ-independent which im-
plies that the lead energy is conserved in the long-time
limit. Second, ZRWA(χ) fulfills Eq. (1).
RWA class of master equations.—The above statement
about the Bloch-Redfield master equation in RWA can
be applied to master equations that are seemingly not
of that form. Moreover, the cases of vanishing Coulomb
interaction and of infinitely strong repulsion emerge as
single-particle limits of our statements. In that sense, we
can identify a whole “RWA class” of master equations for
which Eq. (1) holds.
A most relevant case is a master equation for capac-
itively coupled, but electrically isolated quantum dots,
each modeled as single level. Owing to the lack of co-
herent tunneling, the Hamiltonian of this system is di-
agonal in the onsite basis, while no quantum coherence
emerges. Thus, off-diagonal density matrix elements van-
ish exactly, so that the resulting master equation in a
localized basis assumes the form of the RWA limit of the
Bloch-Redfield equation. Recently, the validity of the ex-
change fluctuation theorem has been exemplified for var-
ious particular situations of this kind [12–15, 17]. They
represent special cases of our generic statement.
Moreover, there are limits in which our many-body
master equation becomes in fact a single-particle parti-
cle equation. This is naturally the case for very strong
inter-dot Coulomb repulsion, such that at most one elec-
tron can enter the system. Then only eigenstates with
one electron play a role and the energy differences in the
jump operator (4) become single particle energies. In
the opposite limit of non-interacting electrons, the many-
body states |a〉 are Slater determinants of single-particle
states, while all Ea are sums of single-particle energies,
a case that has been considered, e.g., in Ref. [1]. Again
only the single-particle energies appear in the decomposi-
tion of J . We emphasize that genuine many-body effects
or correlation effects typically emerge in between these
regimes and, thus are beyond these limits.
Exchange fluctuation theorem violation.—Having seen
that the full Bloch-Redfield equation violates the fluc-
tuation theorem, we turn to a quantitative analysis of
the deviations. To this end, we introduce as measure
the (m + n)th order Taylor coefficients of the difference
between the terms appearing in Eq. (1),
Rα1···αmβ1···βn =
(−i)m∂m+n
∂χα1 · · · ∂µβn
{
ZBR(χ)−ZBR(−χ−iβµ)
}∣∣∣
χ=µ=0
,
(6)
which are constructed such that they vanish if the ex-
change fluctuation theorem is fulfilled. Notice that ZBR
possesses also an implicit µ-dependence, so that gener-
ally the contribution of the first term does not vanish.
Since, the r.h.s of Eq. (6) consists of derivatives of cur-
rent cumulants evaluated at equilibrium µ = 0, the fact
that Rβ1···βnα1···αm must vanish provides a relation between
transport coefficients [6]. For example, the mentioned
Johnson-Nyquist relation is of second order and reads
Rαα = 0 = βSαα − 2Gα,α. This rather important relation
represents an interesting special case of Eq. (6) because
it is fulfilled also by the full Bloch-Redfield equation be-
yond RWA, as we prove in Appendix B.
Before entering numerical calculations, we like to con-
jecture the scaling behavior of the deviations (6) as func-
tion of (i) the incoherent tunnel rates Γ and (ii) the co-
herent tunnel coupling Ω. In each case, we depart from a
limit in which the fluctuation theorem (1) is fulfilled, so
that all R indeed vanish. Concerning (i) we recall that
the master equation (2) is based on a perturbation the-
ory in the dot-lead coupling which cannot capture the
Lorentzian broadening of the quantum dot resonance de-
nominator ∝ (ǫ2 +Γ2)−1. Thus, corrections to the exact
equilibrium density matrix should be of the order Γ2.
Moreover, since all transport coefficients inherit a pref-
actor Γ from the jump operators [see Eq. (4)], we expect
R ∝ Γ3. For case (ii) we notice that for Ω = 0, no
coherent tunneling is present and the full Bloch-Redfield
falls into the RWA class identified above, so that the fluc-
tuation theorem holds exactly. Since expectation values
typically depend only on even powers of tunnel matrix el-
ement Ω, we anticipate deviations of order Ω2. Assuming
that the deviations from R = 0 depend on the smaller of
both parameters, we can conjecture the generic behavior
R ∝
{
Γ3 for Γ≪ Ω,
Ω2 for Ω≪ Γ.
(7)
For the verification of this hypothesis for systems such
as the one sketched in Fig. 1, we have to derive a scheme
for the computation of transport coefficients to high or-
ders. For this purpose, we generalize an iteration scheme
for the computation of current cumulants [27] to the com-
putation of derivatives with respect to the chemical po-
tentials µα and the presence of an energy counting vari-
able ξ. The method is based on the fact that the trans-
port coefficients are Taylor coefficients of the generating
function in the variables χα, ξ, and µα, which can be
computed iteratively by Rayleigh-Schro¨dinger perturba-
tion theory, see Appendix A.
Figures 2(a) and 2(b) depict the scaling behavior of
three different deviations as functions of Γ and Ω, which
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FIG. 2. Violation of the exchange fluctuation theorem by the Redfield master equation beyond RWA for the quadruple quantum
dot sketched in Fig. 1(a) as function of (a) the dot-lead coupling Γ, (b) the inter-dot tunneling Ω, and (c) the inverse temperature
β = 1/kBT for the default parameters Γ = 0.5Ω = kBT and ǫα = µα = 0. The scaling behavior verifies the conjecture (7) for
the selected generalized Casimir-Onsager relations R111 = 0 (solid line), R
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FIG. 3. Fluctuations of the total lead energy manifest in
the energy diffusion constant DE = limt→∞〈∆E
2
leads〉/t as
function of the dot-lead tunnel rate Γ and various tempera-
tures. The chemical potentials at the upper quantum dot are
µ1 = −µ2 = 3Γ, while all other parameters are as in Fig. 2(a).
confirms the conjecture (7). In some particular cases,
we found that R vanishes even faster with small Γ or Ω,
so that we can conclude that Eq. (7) is a rather con-
servative estimate. For particular R’s (e.g. for R11 as
discussed above) or particular systems, the scaling may
even be more favorable. As an example, we present in
Appendix C results for the quadruple quantum dot.
As function of the temperature kBT = 1/β, the devia-
tions behave even more interestingly, because they vanish
in both the high-temperature and the low-temperature
limit [see Fig. 2(c)]. For the high-temperature limit β →
0, this is expected since the substitution ξ →= −ξ+iβ by
and large cures the fluctuation theorem violation, while
being irrelevant for β = 0. Quantitatively we find the
scalingR ∝ β3 or even higher powers. For the experimen-
tally rather relevant low-temperature limit β → ∞, we
find that the deviations turn rather rapidly to zero, but
do not follow a power law. Once kBT . Γ/10,Ω/10, all
deviations from R = 0 are already many orders smaller
than the individual terms of R.
Energy fluctuations.—In the exact treatment, the to-
tal energy is conserved while the central system can only
ingest a finite amount. Therefore, cumulants of the lead
energy cannot grow indefinitely, so that the energy cur-
rent cumulants must vanish [6]. For the RWA master
equation, they vanish as well owing to the ξ-independence
of the generating function, see discussion after Eq. (5).
Beyond RWA this need not be the case, because the full
Bloch-Redfield equation allows electrons to lose coher-
ence while residing on the central system. Such coher-
ence loss can cause transitions between states with dif-
ferent energy, e.g., between bonding and anti-bonding
states. Therefore the variance of the total lead energy
might grow diffusively, as is confirmed by the results
shown in Fig. 3. The scaling with the dot-lead rate is
∝ Γ3, i.e., equal to that of the generic deviations from
R = 0. For the usual dot-lead models, this seems to
be a consequence of the approximations underlying the
Bloch-Redfield equation.
Conclusions.—By studying exchange fluctuation theo-
rems for quantum transport, we have identified a class of
master equations for which these theorems hold exactly.
Equations of this class are characterized by an equiva-
lence to a RWA master equation in a many-body basis
for which we proved the validity of the fluctuation the-
orem. The many-body aspect is rather crucial for the
direct application to coupled quantum dots given that
Coulomb interaction represents the largest energy scale
in these systems. Interestingly, various previous studies
[12–15] represent special cases of our more generic state-
ments.
Despite that the RWA version of the Bloch-Redfield
master equation obeys the fluctuation theorem (1) ex-
actly and, thus, possesses a desirable formal property,
it is not necessarily the preferential choice, because co-
herences may be of the same order as the populations
so that neglecting coherences may lead to even qualita-
tively wrong predictions [28]. Going beyond RWA, we
quantified the degree of fluctuation theorem violation of
the full Bloch-Redfield master equation, in particular its
scaling behavior as function of the coherent and the inco-
herent tunneling. Most important for the application of
the Bloch-Redfield master equation to real experiments
is the fact that at low temperatures, the discrepancies
become rather tiny.
Even though our investigation already provides a gen-
eral proof for the consistency of a whole class of master
equations with exchange fluctuations theorems, two fur-
ther generalizations seem desirable. On the one hand,
5one should consider also spin effects, which requires a
refined treatment of time-reversal symmetry [17]. On
the other hand, one may include quantum dissipation for
which in the absence of electron reservoirs, similar con-
clusions about the compliance of master equations with
fluctuation theorems can be drawn [29], while for the
combination of transport and dissipation the fluctuation
theorem holds at least to some extent [30].
We thank R. Sa´nchez for helpful discussions. This
work was supported by the Spanish Ministry of Econ-
omy and Competitiveness via grant No. MAT2011-24331
and a FPU scholarship (R.H.).
Appendix A: Iterative computation of transport
coefficients
In order to compute transport coefficients, we adapt
the method developed in Ref. [27] for the computation
of current cumulants. It is based on two facts: First, for
a master equation, the zero-frequency current cumulant
generating function is given by the eigenvalue of the gen-
eralized Liouvillian Lχ with the smallest real value, where
χ is the counting variable [20]. Second, the cumulants are
the Taylor coefficients appearing in the expansion of the
generating function Z(χ). Since Rayleigh-Schro¨dinger
perturbation theory [31] provides a series expansion of
eigenvalues, it can be used to iteratively compute cumu-
lants.
In our case, we have to generalize this method in two
respects. On the one hand, we like to compute also
energy exchange cumulants which requires additional
counting variables ξα for each lead α. On the other hand,
we are interested in the transport coefficients, i.e., in a
series expansion in the chemical potentials of the leads,
µα, around their equilibrium value µ0 which we set to
zero for ease of notation. While the formal aspects of
the iteration scheme are the same as in its original ver-
sion, the required series expansion of the Liouvillian in
the variables χ, ξ, and µ is no longer that of a simple
exponential.
Following the idea of Ref. [27], we start by writing the
generalized Liouvillian (3) as series in all these variables,
Lχ,ξ,µ = L+
∑
α
∞∑
k,k′,k′′=0
ik+k
′
k! k′! k′′!
Wαk,k′,k′′χ
k
αξ
k′
α µ
k′′
α ,
(A1)
with the Taylor coefficients Wα0,0,0 = 0 and W
α
k,k′,k′′ =
Wα,ink,k′,k′′ +W
α,out
k,k′,k′′ , while for k
′′ > 0
Wα,outk,k′,k′′ = ∂
k
iχα
∂k
′
iξα
∂k
′′
µα
Loutχ,ξ,µ
∣∣
χ,ξ,µ=0
=
∫
dτ ∂k
′
iξα
∂k
′′
µα
F>α (τ − ξα)
∣∣
ξ,µ=0
×
{
Joutnα (τ)−D
out
nα
(τ) for k = k′ = 0
Joutnα (τ) else
(A2)
with the superoperators
Joutnα (τ)ρ =
1
2
{
c˜nα(−τ)ρc
†
nα
+ cnαρc˜
†
nα
(τ)
}
, (A3)
Doutnα (τ)ρ =
1
2
{
c†nα c˜nα(−τ)ρ+ ρc˜
†
nα
(τ)cnα
}
. (A4)
The latter appear in the integrals that provide the
jump operators and the dissipator, respectively, of the
Liouvillian. Wα,ink,k′,k′′ follows from the substitution
{cn, F
>(t)} → {c†n, F
<(−t)} and multiplication by a fac-
tor (−1)k. Notice that no cross terms between different
leads emerge. Furthermore, we separate the Liouvillian
into Lρ = −i[HS, ρ] + L
inρ + Loutρ where HS refers
to the system Hamiltonian, while Lin and Lout are the
terms in the master equation (2) that contain the lead
correlation functions F< and F>, respectively.
The derivatives with respect to the heat counting vari-
ables ξα and the chemical potentials µα act upon the lead
correlation functions as
∂k
′
∂(iξα)k
′
∂k
′′
∂µk′′α
F>α (τ − ξα)
∣∣∣
ξ=µ=0
=
Γα
2π
∫
dτ e−iEτEk
′ ∂k
′′
∂µk′′α
[1− f(E − µα)]
∣∣∣
µ=0
, (A5)
where we have restricted ourselves to the wideband limit,
F>α (ǫ) = Γα[1−f(ǫ−µα)] with the Fermi function f(E−
µ) = {exp[β(E−µ)]+1}−1. Its derivatives at equilibrium
chemical potential can be expressed as series,
∂k
′′
∂µk′′
f(E − µ)
∣∣∣
µ=0
= (−β)k
′′
k′′∑
m=0
(−1)mm! Sk′′,m
× [1− f(E)]m[f(E)]
(A6)
with Sk′′,m the Stirling numbers of the second kind [32].
To derive this formula, we start with the expression
∂nx (e
x+1)−1 and employ Faa` di Bruno’s Formula [33] for
the derivative of nested functions. Exploiting a relation
between Stirling numbers and the partial Bell polynomi-
als, Bn,k(e
x, . . . , ex) = ekxSn,k yields
∂n
∂xn
1
ex + 1
=
n∑
k=0
(−1)kk! Sn,k
ekx
(ex + 1)k+1
, (A7)
by which we immediately obtain the nth derivative of
the Fermi function with respect to the chemical potential
and, hence, the Taylor series (A6).
Finally, we end up with an eigenvalue problem that is
equivalent to the one of Ref. [27] but with the additional
perturbations ξ and µ. Despite that the coefficients now
look more involved, the iteration scheme derived there
can be applied straightforwardly.
Appendix B: Johnson-Nyquist relation
Even though the Bloch-Redfield master equation be-
yond RWA does not fulfill the fluctuation theorem ex-
actly, the resulting conductance Gα,α = −∂Iα/∂µα|µ=0
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FIG. 4. Quadruple quantum dot in contact with four leads
α = 1, . . . , 4. The system can be considered as two coupled
transport channels, each formed by a double quantum dot
and interacting capacitively with the other.
and the zero-frequency noise Sαα = ∂
2Z/∂χ2α|χ=ξ=0 at
equilibrium nevertheless obey the Johnson-Nyquist rela-
tion 2Gα,α = βSαα. For a proof, we perform the iteration
described above up to second order which yields the ex-
pressions
Sαα = 〈W
α
2,0,0〉+ 2〈W
α
1,0,0RW
α
1,0,0〉, (B1)
Gα,α = −〈W
α
1,0,1〉 − 〈W
α
1,0,0RW
α
0,0,1〉 − 〈W
α
0,0,1RW
α
1,0,0〉,
(B2)
where the angular brackets denote the expectation value
with respect to the grand canonical density operator of
the central system, ρeq ∝ e
−β(HS−µ0N). Notice that ρeq
is the equilibrium solution of the Bloch-Redfield master
equation (2), i.e., Lρeq = 0 if all lead chemical poten-
tial are equal, µα = µ0 (see remark at the end of this
section). Here, R = −(QLQ)−1 denotes the pseudo re-
solvent of the Liouvillian at zero frequency (i.e. −R is
the pseudo inverse) with Q = (1 − ρeq tr) the projector
to the Liouville subspace orthogonal to the equilibrium
density operator.
We proceed by showing that in Eq. (B2), the first
two terms obey the relations 2〈Wα1,0,1〉 = −β〈W
α
2,0,0〉
andWα0,0,1ρeq = −βW
α
1,0,0ρeq, respectively, while the last
term vanishes, trWα0,0,1 = 0. The latter relation follows
from the fact that the trace condition of the Liouvillian
is independent of the lead chemical potential, so that the
corresponding Taylor expansion vanishes to all orders.
The proof for the other two relations is more involved.
It is on the Kubo-Martin-Schwinger relation for the lead
correlation functions [25, 26],
F>α (t) = e
−βµα F<α (t+ iβ). (B3)
and a related detailed balance relation for the interaction
picture operators,
c˜nα(t)e
−β(HS−µ0N) = eβµ0e−β(HS−µ0N)c˜nα(t− iβ).
(B4)
The latter holds for fermionic annihilation operators in
the interaction picture with respect to HS , i.e., for any
c˜nα(t) = e
iHStcnαe
−iHSt of the system, owing to the com-
mutator [N, cnα ] = −cnα . From this relation follow de-
tailed balance relations for the jump operators,
Dinnα(t)ρeq = e
−βµ0Joutnα (−t− iβ)ρeq, (B5)
Doutnα (t)ρeq = e
βµ0J innα(−t− iβ)ρeq, (B6)
which we use to transform the superoperators appearing
in Sαα.
We start with the tunnel-out contribution of the first
term of Eq. (B2),
trWα,out1,0,1 ρeq = tr
∫
dτ
∂
∂µα
F>α (τ)J
out
nα
(τ)
∣∣∣
µα=µ0
ρeq,
(B7)
insert Eqs. (B3), (B5), (B6) and substitute the integra-
tion variable τ → −τ − iβ. Again we use that Wα,out0,0,1 is
trace free and obtain
〈Wα,out1,0,1 〉 = −β〈W
α,in
2,0,0〉 − 〈W
α,in
1,0,1〉. (B8)
This relation together with the corresponding expres-
sion for the tunnel-in term, 〈Wα,in1,0,1〉 = −β〈W
α,out
2,0,0 〉 −
〈Wα,out1,0,1 〉, yields 〈W
α
1,0,1〉 = −(β/2)〈W
α
2,0,0〉, which links
the first term of Eq. (B1) to that of Eq. (B2).
Following the same path for the second term, we find
Wα,out0,0,1 ρeq =
∫
dτ ∂µαF
>
α (τ)[J
out
nα
(τ) −Doutnα (τ)
∣∣∣
µα=µ0
ρeq
=
[
Wα1,0,1 − βW
α,in
1,0,0
]
ρeq, (B9)
as well as Wα,in0,0,1ρeq = (−W
α
1,0,1 − βW
α,out
1,0,0 )ρeq. Thus,
also the second terms in Eqs. (B1) and (B2) differ only
by a factor β/2, which completes our proof that the con-
ductivity and the zero-frequency noise computed with
the full Bloch-Redfield master equation (2) obey the
Johnson-Nyquist relation Sαα = 2kBTGα,α.
Finally, let us remark that Eqs. (B3), (B5) and (B6)
can be used to demonstrate that the grand canonical
state of the central system, ρeq ∝ exp[−β(HS − µ0N)],
represents the equilibrium solution of the Bloch-Redfield
master equation (2) both within RWA and beyond. Thus,
Lρeq = 0 and LRWAρeq = 0 provided that no bias volt-
ages are applied so that all lead chemical potentials are
equal. As further consequence, for both master equations
the current vanishes at equilibrium as expected.
Appendix C: Numerical results for a quadruple
quantum dot
As a special system for which the deviations from the
fluctuation theorem scale even more favorable as the be-
havior given by Eq. (6), we present numerical results for
a quadruple quantum dot coupled to four leads, as is
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FIG. 5. Deviation of the exchange fluctuation theorem for the quadruple quantum dot as function of (a) the dot-lead coupling
Γ, (b) the inter-dot tunneling Ω, and (c) the inverse temperature β = 1/kBT for the default parameters Γ = 0.5Ω = kBT =
10ǫ1 = −10ǫ2 and µα = 0. The selected generalized Casimir-Onsager relations are those of Fig. 2, i.e., R
11
1 = 0 (solid line),
R1111 = 0 (dashed), and R
111
11 = 0 (dash-dotted).PSfrag replacements
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FIG. 6. Diffusion constant DE = limt→∞〈∆E
2
leads〉/t of the
total lead energy for the setup sketched in Fig. 4 as function
of the dot-lead tunnel rate Γ ≡ Γα and various temperatures.
The chemical potential of leads 1 and 2 read µ1 = −µ2 = 3Γ,
while all other parameters are as in Fig. 5(a).
sketched in Fig. 4. The deviation from R = 0 as function
of the dot-lead coupling Γ and the inverse temperature
β = 1/kBT [Figs. 5(a) and 5(c)] is the generic one, i.e.,
R ∝ Γ3, while R vanishes in the high-temperature limit
∝ β3 or faster. In the low-temperature limit β → ∞,
the deviations decay rapidly without following any power
law. Also for the lead energy variance behaves gener-
ically, as can be appreciated in Fig. 6. The main dif-
ference to the generic behavior is found as function of
the coherent inter-dot tunneling Ω: We observe a decay
R ∝ Ω4, i.e., faster than the generic ∝ Ω2 discussed in
the main text.
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